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r^ . The field content of a iV = 2 extended supersymmetric gauge theory comprises 

P^ ' a complex scalar field </>, a doublet of Weyl spinors Xii* = IjS (and their chi- 

'"^ . ral conjugates) a vector field A^ and possibly an auxiliary field X (to close 

r^ ' the supersymmetry algebra off-shell). All fields are supposed to be multiplets 

^^ ■ transforming under the adjoint representation of the underlying gauge group, 

which will be taken as SU{2) in the following. In the so-called Wess-Zumino 

^ . (WZ) gauge the Lagrangean of the theory under consideration reads as 

(N 






X 



C = tr{--F^^^ + D^cj)D^^^ 



4 

a^. + ff0fc,x1 +<7'([0*, </-])' + -x^J> (1) 



where F^^ = d^^A^ - d^A^, + [Afj,A^],g = gauge coupling . . . etc. 
Mh. Here we make use of the standard notations of ref [1] . 

The supersymmetric theory given by this Lagrangean ist first of all an or- 
dinary gauge theory with peculiar couplings of the scalar and spinor fields. 
Supersymmetry is not an obvious invariance of £. The selected WZ gauge 
has in fact a bad reputation what concerns this aspect. The reason is that 
^ ' supersymmetry is preserved in this gauge only modulo field dependent gauge 

5t 1 transformations. The symmetry operations generate therewith an open alge- 

bra which seemed hopelessly difficult to control. (The choice of the WZ gauge 
is didicated by the technical advantages for instanton calculations to be dis- 
cussed below). So-called supersymmetric gauges which are designed to cope 
with this problem imply the introduction of a bunch of subcanonical auxiliary 
fields. Those have their appearance in a rather complex non-polynomial (but 
manifestly supersymmetric) fashion. On the basis of manifest supersymmetry 
supergraph techniques have been developed [2], [3] allowing the derivation of 
the famous non-renormalization theorems of supersymmetric field theories. The 
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specific non-renormalization theorem for N = 2 tlieorics has been established 
in [4]. 

A new approach to the rcnormalization of supersymnictric gauge theories in 
WZ gauges has been developed recently [5], [6], [7], [8]. The above mentioned 
problem of an open symmetry algebra has been overcome by the introduction 
of an extended BRS formalism, which combines the well known conventional 
Slavnov- Taylor (ST) operation of BRS with the generators of supersymmetry 
and space-time translations, the latter being parametrized by space-time in- 
dependent ghost fields. The extended operator is by construction nilpotent 
(as the conventional BRS-ST operator). It opens the possibility to reduce the 
renormalization to an algebraic problem - the determination of the cohomol- 
ogy of the extended ST operator. One may also nourish the hope that the 
non-renormalization theorems come into the range of the new method. 

The formal basis of the particular N = 2 non-renormalization theorems may 
be found in the fact that the Lagrangean (1) can be represented (up to total 
derivatives) as the fourfold chiral supersymmetry variation of an operator of 
canonical dimension two which for itself is invariant under anti-chiral transfor- 
mations: 

C ~ A^x, 5x^0 (2) 

A = ^(5*'"4„ 

X — tr(p 

where ~ denotes equality modulo total derivative terms. i5*'"(^) designates 
a chiral (anti-chiral) supersymmetry transformation. The spinor label a and 
the extendedness label i are lowered (resp raised) by the two-dimensional skew 
symmetric tensor (cf. [1]). The Lagrangean can also be represented as the 
fourfold anti-chiral variation of the complex conjugate operator x* , which is left 
invariant by chiral transformations: 

C ~ A'^x*,Sx*^0 (3) 

A = S-S. 

Eq's (2) and (3) may be used to "improve" the ultraviolet behaviour of Green's 
functions by transferring susy variations with the help of Ward identities from 
interaction vertices to external fields. Exploiting this mechanism to the end one 
may extract four derivatives acting on external fields. (Each supcrsymmetric 
variation carries the canonical dimension i One extracts altogether eight su- 
persymetric variations). Terms with a smaller number of derivatives (< 4) will 
not appear in the effective low energy Lagrangean. The latter formal statement 
is the content of the non-renormalization theorem. 



The argument for non-renormalization based on the use of supergraphs ex- 
cludes one- loop contributions since at this level " ghost-for-ghost" terms emerge 
which are not covered by the argument making use of supergraph combinatorics. 
An equivalent reasoning for the breakdown of the above given formal derivation 
in one- loop approximation has to be worked out yet. 



One may introduce, for the sake of a concise description of extended su- 
persymmetry, a iV = 2 chiral superfield with two independent two-component 
Grassmann parameter 6i , 62 [9] , which collects all fields figuring on the La- 
grangean £; 

* = + e,x' + ... + B\el (AD^D'^^ - 20[A„ A^] + 4.92 [cj,[cf,, ,^*]]) 

The Lagrangean C, Eq. (1), may be quoted as 

C = Imi -Ttr^'^ 

with 



^=— + ^ 



■d Atti 
2^ + 7 

where d denotes the topological vacuum angle and g is the gauge coupling 
constant as before. The most general TV = 2 invariant local and hermitean 
expression in the fields enumerated at the beginning of this note can be repre- 
sented as the imaginary part of an arbitrary " holomorphic" function -F(^), the 
so-called TV = 2 prepotential. (Holomorphicity means here that F depends on 
\1/ but not on the chiral conjugate of ^.) 

Seiberg and Witten (SW) [10] consider the N = 2 theory, given by Eq. (1) 
in the broken phase assuming for the scalar field (j) a non-vanishing vacuum 
expectation value a. The original SU{2) invariance is broken down to U{1). It 
is known since some time [11], that the classical prepotential is modified through 
a 1-loop term. Higher loop perturbative contributions are absent. This follows 
from a non-renormalization theorem. The classical and 1-loop contributions add 

up to 

2 

Fpertia^) = ^a'^^fj (4) 

where A denotes a cutoff momentum. (We restrict our attention in (4) to the 
vacuum expectation value of F. The full operator expression is recovered by 
substituting in (4) for the constant a the superfield $). Eq. (4) is exact to all 
orders in perturbation theory. It is certainly reliable for \a\ ^ jAj since this is 
the realm of asymptotic freedom predestinated for perturbation theory. 

But it cannot be, as noted by SW, the full answer since it has not built in the 
positivity properties required for a consistent field theory. E.g., the imaginary 



part of the second derivative of F with respect to a should be positive as it is 
the square of an effective couphng constant. This is notoriously no longer the 
case if a becomes of the order of A in Eq. (4) . 

SW guess ingenously the correction to the perturbative result (4). Their pro- 
posal amounts to a function of which the second derivative is the well known el- 
liptic modular function [12]. The motivation for this guess has been described in 
depth in the original paper - in particular the dynamical realization of Maxwell- 
Dirac duality - and reviewed many times since then. So I confine myself to a 
few remarks. 

(i) The SW prepotential can be represented in the form of an expansion 



F{af ^ Fpert +a'^^^Ck , ^ 



2x 2fc 



fe=l 

The coefficients Ck are fixed through the SW conjecture. Seiberg argued 
on the other hand qualitatively [11] that instanton configurations should 
contribute in scmiclassical approximation. The concrete 1-instanton [13]- 
[15] and 2-instanton calculations [15] - (fc-instanton configurations give rise 
to a contribution to Cfe) - lead to the identification of the SW-dctermined 
coefficients ci and C2 and those extracted from the instanton calculation. 
The concrete instanton calculations are to be taken as a confirmation of 
the SW proposal. They moreover indicate that the N — 2 prepotential is 
exactly saturated by instanton configurations. 

(ii) I am tempted to speculate that the appearance of a "nice" function, the 
elliptic modular function, in the SW proposal is genuinely related to the 
quasiclassical exactness eluded to in the previous remark. 

(iii) The term " quasiclassical" used in the previous remark is not entirely pre- 
cise. The instanton configuration with associated scalar fields taken in 
[13] - [15] as starting points of the calculations are not saddle points of the 
N — 2 action. To call them approximate saddle points is not appropriate 
either since the result of the calculation is supposed to be exact. It has to 
be noted in any case that the mechanism responsible for the restriction of 
the functional integral to instanton configurations has not been explained 
convincingly to date. Here comes the Duistermaat-Heckman (DH) inte- 
gration formula [16] as a potential finite dimensional analogue to mind. 
(An account of the DG formula easily accessible for non-mathematicians 
may be found in [17]). I conclude with a sketch of the DH formula. 

Let M be a compact 2n-dimensional manifold without boundary. M is 
supposed to have a symplectic two- form lu (i.e., u is closed and non- 
degenerate). DH propose the evaluation of integrals of the form 



J{H)^ J'^eMH), 



M 



where H , the " Hamiltonian" , is a sufficiently smooth function. To proceed 
along the lines of DH I recall the notion of a Hamiltonian vector field 
denoted rotH, which is defined by 

dH{x) ^uj{x,rotH) (5) 

where x is an arbitrary vector field on M . One can find an exact one- form 
dip (dual to rotH). s.t. at points of non- vanishing rotH 

— j- = dip f\ UJrotH A 



n! -^--— --(^_^), 

holds, where the notation 

ui^,{x) = ti'(^, x) 

is used. Eq. (5) has been used for the second equality in (6). Let me now 
assume that the critical points of H, that is, the points of vanishing rotH , 
are concentrated on a low-dimensional submanifold Xcrit of M . Denoting 
with Mj the subvariety of M with a distance larger than e from Xcrit one 
obtains with Stokes theorem and Eq. (6) 

e" = lim / e«— = lim / e" d^ A — , (7) 

n! t-'O J n\ e^o 7 (n-1)! 

with (5Mg denoting the boundary of M^ . The last equality means that the 
integral becomes localised at the submanifold of critical points of rotH . 
One can rather easily evaluate the r.h.s of Eq. (4) for the case that Xcrit 
consists of isolated points. The result is then formally identical with a qua- 
siclassical approximation of J{H) with the isolated critical points handled 
"as if" they were stationary points of H. Note however, that criticality is 
not synomous with stationarity. 
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